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In his generalization of the algebraic approach of recognizable languages from finite words to $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-words, Wilke \[[@CR22]\] introduced *right binoids*, that are two-sorted algebras equipped with a binary product and an $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-power. The operations are linked together by equalities reflecting their properties. These equalities define a variety of algebras. This algebraic study of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-words have since been extended to more general structures, such as for example partial words (or equivalently, labeled posets) or transfinite strings (long words). In \[[@CR8]\], *shuffle binoids* are right binoids equipped with a shuffle operation that enables to take into consideration N-free posets with finite antichains and $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-words. In \[[@CR3], [@CR5]\], the structure of right binoids in two parts is modified in order to enable products to extend over $\documentclass[12pt]{minimal}
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                \begin{document}$$n\in \mathbb {N}$$\end{document}$) and countable ordinals. The latter algebras are enriched in \[[@CR10], [@CR11]\] with operations such as for example reverse $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$-power in order to take into account countable linear orderings (scattered in some cases). Some of the previous algebraic enrichments were also applied to shuffle binoids \[[@CR4], [@CR12]\]. The motivations in \[[@CR3]--[@CR5], [@CR10], [@CR11], [@CR17], [@CR22]\] are mainly the study of the links between automata, rational expressions, algebraic recognition and monadic second-order logic. In \[[@CR7]--[@CR9], [@CR12], [@CR22]\] the authors focus essentially on varieties of algebras; for example, free algebras are characterized in the corresponding varieties, and decisions algorithms for equivalence of terms are provided.
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                \begin{document}$$\omega $$\end{document}$. In this paper we focus on algebras equipped with a parallel product, series product, and either $\documentclass[12pt]{minimal}
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                \begin{document}$$SP^\diamond (A)$$\end{document}$ of N-free posets in which antichains are finite and chains are scattered and countable orderings lies in this framework. In \[[@CR2], [@CR6]\] this class has been studied from the point of view of automata, rational expression and logic. We prove here that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^\diamond $$\end{document}$, the class of scattered and countable words over *A*, is also a free algebra in the corresponding variety. We also consider the class $\documentclass[12pt]{minimal}
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Linear Orderings and Posets {#Sec2}
===========================
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                \begin{document}$${\vert E\vert }$$\end{document}$ denote the cardinality of a set *E*, and \[*n*\] the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\{1,\dots ,n\}$$\end{document}$, for any non-negative integer $\documentclass[12pt]{minimal}
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                \begin{document}$$n\in \mathbb {N} $$\end{document}$.

Let *J* be a set equipped with a strict order \<. The ordering *J* is *linear* if either $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{J}}$$\end{document}$ the backward linear ordering obtained from the set *J* with the reverse ordering. A linear ordering *J* is *dense* if for any $\documentclass[12pt]{minimal}
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                \begin{document}$$j < k$$\end{document}$, there exists an element *i* of *J* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$j< i < k$$\end{document}$. It is *scattered* if it contains no infinite dense sub-ordering. The ordering $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ of natural integers is scattered as well as the ordering $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta $$\end{document}$ of all integers (negative, 0 and positive). Ordinals are also scattered orderings. We let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$ denote respectively the class of finite linear orderings, the class of countable ordinals and the class of countable scattered linear orderings. We also let 0 and 1 denote respectively the empty and the singleton linear ordering. We refer to \[[@CR20]\] for more details on linear orderings and ordinals.
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                \begin{document}$$(P,<)$$\end{document}$ is a set *P* partially ordered by \<. For short we often denote the poset $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {wd}(P)=\sup \{{\vert E\vert } : E \text {is an antichain of }P\}$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$\sup $$\end{document}$ denotes the least upper bound of the set. In this paper, we restrict to posets with finite antichains and countable and scattered chains.
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                \begin{document}$$(Q,<_Q)$$\end{document}$ be two disjoint posets. The *union* (or *parallel composition*) $\documentclass[12pt]{minimal}
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                \begin{document}$$((P_j,<_j))_{j\in J}$$\end{document}$ is called a *J-factorization*, or (sequential) *factorization* for short, of the poset $\documentclass[12pt]{minimal}
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                \begin{document}$$P_j,P_{j'}\not =0$$\end{document}$, or *P* is a singleton. It is *parallel* when $\documentclass[12pt]{minimal}
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                \begin{document}$$SP^\diamond $$\end{document}$ of *series-parallel scattered and countable posets* is the smallest class of posets containing 0, the singleton, and closed under finite parallel composition and sum indexed by countable scattered linear orderings. By extension of a well-known result on finite posets \[[@CR18], [@CR21]\], it has a nice characterization in terms of graph properties: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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F. Hausdorff proposed in \[[@CR16]\] an inductive definition of scattered linear orderings. In fact, each countable and scattered linear ordering is obtained using sums indexed by finite linear orderings, $\documentclass[12pt]{minimal}
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Definition 1 {#FPar1}
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The following theorem extends a result of Hausdorff on linear orderings \[[@CR16]\].
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Theorem 2 {#FPar3}
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Example 1 {#FPar4}
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Definition 2 {#FPar5}
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Example 2 {#FPar6}
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Labeled Posets {#Sec3}
==============

An *alphabet* *A* is a non-empty set (not necessarily finite) whose elements are called *letters* or *labels*. In the literature a *word* over *A* is a totally ordered sequence of elements of *A*. The sequence may have properties depending on the context, for example it can be finite, an ordinal, or a countable scattered linear ordering. The notion of a finite word has early been extended to partial orderings (finite *partial words* or *pomsets* \[[@CR14], [@CR15], [@CR23]\]). In this paper we consider a mixture between the notions of finite partial words and words indexed by scattered and countable linear orderings.
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Definition 3 {#FPar11}
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Varieties {#Sec4}
=========

In this section we define the different varieties studied throughout this paper by listing the axioms they satisfy. The usual notions and results of universal algebra apply to our case, even if we use here for example operations of infinite arity. For more details about universal algebra, we refer the reader to \[[@CR1]\]. In the following 1 is considered as a neutral element (the interpretation of a constant).
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In order to simplify the notation, an algebra whose set of elements is *S* is sometimes denoted by *S* when there is no ambiguity.

Freeness {#Sec5}
========
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As a consequence of HSP Birkhoff's Theorem (see eg. \[[@CR1], Theorem 1.3.8\]) and Lemma [2](#FPar18){ref-type="sec"}:
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In addition, as a consequence of Theorem [6](#FPar17){ref-type="sec"} and Lemma [2](#FPar18){ref-type="sec"}:

Corollary 2 {#FPar21}
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We are now ready to prove the following theorem.
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Proof {#FPar23}
-----
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Decidability {#Sec6}
============
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Then we have:

Proposition 2 {#FPar25}
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Theorem 8 {#FPar26}
---------
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We now give a quick outline of the proof. The terms *t* and $\documentclass[12pt]{minimal}
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This decision procedure has a non-elementary complexity. Another proof with an exponential complexity (in the size of $\documentclass[12pt]{minimal}
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